LECTURE NOTES 2-5: CONTINUITY (DAY 2)

A function f(z) is continuous at the number x = a if
lim £63 = £(a)

X-=2 O
Sketch a function with domain (oo, —1) U (—1, c0) that has a removable discontinuity at x = —1, an
infinite discontinuity at x = 0, and a jump discontinuity x = 1.
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In this lesson, we will practice using the definition of continuity, define right- and left-continuity;,
and learn (& apply) several very powerful theorems concerning continuous functions.

A function f(x) is continuous from the right at the number z = a if

X o_,*

A function f(z) is continuous from the left at the number x = a if

liw —p(—ﬁ = -Q(a)

X - -

QUESTION: | Look at your picture above and determine all the a-values for which your function is
continuous from the right and those for which your function is continuous from the left.

Ih m Pio}v«n) e Gunghion s cordinuous Lram +he l\fﬁt at ¥=1.
A\so) every where He Lunghion is cortinuous, the Punction 15 continusus
Lrom bhe rigt and Hhe Lft. gy 56

Why would we want one-sided continuity?

So we can sau & Lunghisn 15 continusys

on 0N inkryal. See exXample ——= '

The Lanckion £(x) 15 continuous on [a)k)] . 0 b
(,T:FS T‘\l@@ Continuonus at Xeo- and lgfﬁ
coptinusns a %6b-> 1
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Assume f(z) and g(z) are BOTH continuous at # = a, what do you think should be true
about the new function H(z) = f(z) + g(z) and how would you JUSTIFY your intuition?

T+ Seens ke K shauld also e condinusus.
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‘ THEOREMS 4, 5, AND 7 ‘ (as numbered in your textbook) all tell us that a large family of familiar func-
tions are continuous. Below we will list this collection. The numbering aligns with the textbook theorem.

[t H(3) = i I}:(th éb]: |7 m -’:(x)al— [1m 6(@

—[:(;a—uzba Adl 'Poljnomials ore. conlinuous
Ufﬂhawb\ue. C-.ao)ao)

f0a- a(X)

C ;(x) Al rotional funclions are
Conbinnous where Hhe y are
SF@ ° %CX} M‘meJ . (dehom‘mm'orﬂzo 1S 6o

Polem
;\?—(X/) Provided (a)# Costs, A Sondbions ' Jri
%Cx) 3 o 2 IS 1913, Mverses g

Lunctioms &e;ponen-ha/ and logarihmic
functions a)nn‘Hhuous where Je,—Ci?eJ.

1. Determine the intervals over which the function f(z) = 361}:% is continuous and justify your

answer using the Theorems above.

odd
[ imples & and 4aroe are conbnunns provided xf LT, ey k. So [13] arcff mply
26Xy kanx is cordinums. N E SaYS  3KianY 5 confinuens provided Xfs.
Ex
. (g = AW
... €5, 2) 5 Do) o3 2)u(F E .-

2. Evaluate lim ————— and justify your strategy.
x

rz—7/4 )

T
w34 danxe 32/%@ Wze +1) _ -5%—(36%+1>
- = = |57

| PRACTICE PROBLEMS: |

X % 5x 57 7 |
Justhicakon: The Punction is continuass ot x=T | S we CﬁhJuS’C ti\bf/}/l/
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| THEOREMS 8 AND 9 | (as numbered in your textbook) tell us that continuity is preserved by function
composition provided the resulting function is defined.

Determine all z-values for which the function f(z) = In (2 — 1) is continuous.

T will £ind x-values we S X<\ oand xvo.
iminate from +he
must Llimingts: rom Answer: The domain o¥ £ is

cdomain of £0).
Since +he domain of natural

loﬁ i (o,w), we reguire

|
x"?D or *7' *

Co,D. Since $2)is +he CompoSi-’ion
of continueus Sunctions, ¥6 is
continuous on (0,1).

| PRACTICE PROBLEMS: |
1. Determine the domain of the function g(r) = tan~!(1 + ¢"") and explain why ¢(r) is continuous

at every number in its domain.
domain o¥ 30‘\) : (.—00, no) .

%inkins:
e aretan(x) has domain (—ao,ao) ) () is continuous for all real
numberd becaunse

2
So \+ér can e an 4R‘tns.
J lj—,-l-av;‘x and ‘j-’—&K

= 4X art all continuous and

R
°* e has domain C—m,k} So
- r?. coan be amxl-kms .
2. Use continuity to evaluate liH}l 3
z—

%"hﬁ mf}huﬂy) we Can Pl“ﬁ In.

S0 lim g,&k# = /1,_3.7:32:)_?7

X4 -

and

VT3l aCr) is +he composition of +Hhese.

1/2%. (a) Find (f o g)(x). (b) Explain why f o g is not continuous

2

3. Let f(z) = 1/z and g(z) =
everywhere.

\
@ Qo -3(5)- % =~

@ 03(55 15 ot defined ot X=0.
So @”9@ 15 Comtinusus on (".00)0>U(O,ao>
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| THE INTERMEDIATE VALUE THEOREM: | Suppose f () is a function such that

/ e f(z) is continuous on [a, b],

v/ ¢ fla) # f(b),and
/ e N is a number between f(a) and f(b),

then,

?i¢+ure ru'usion .

3 m
+Hhere exisls some number

2(03 """j‘/_\ C in Hhe opeh '\n‘k‘r\/ﬁ\ CG)IDB

N 1

%Lb)_':'—_\l/’x' so that 'F(C):/\/‘

o use this Fheorem ,ym have 4o show (make Sum) all
%ret bn\\d’ ePoi HS aloow. holo\-

| PRACTICE PROBLEMS: |

1. Use the Intermediate Value Theorem to show that the equation z* + x — 3 = 0 must have a root in
the interval (1, 2).
o N=O alncj - =“:(4) Lo« ‘F(Ig) =5

e £O= k3 is apdybthus
Con%‘n:uous w;r;:\ng!i ‘ (Al Hhree bw“d’Poi nts lﬂb\A)

° 'Q('ﬂ = \*1’5:-’ There is Some C n (l,l) Se 'H‘\a.'t
£ (D) 2 1b+2-3=15 £0O) =0. Thus, +he aguation hasa
Se 4(075‘\:(23 Solution in +he inderval (1,2).

2. Give an example of a function f(x) that is defined for every number in the interval [0, 2] such
that f(0) = 0, f(2) = 1 but there does not exist a single z-value in the interval (0,2) such that

flz) =172 Fj:\ c'a\/‘ ‘\:()() Nete : Q&) 15 nst
' continuous ,’

- - = O - -
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